We study the problem of determining production quantities in each period of an in nite horizon for a single item produced in a capacity-limited facility. The demand for the product is random, and it is independent and identically distributed from period to period. The demand is observed at the beginning of a time period, but it need not be lled until the end of the period. Un lled demand is backordered. A base stock or order-up-to policy is used.
Introduction
Determining production quantities in each period of an in nite horizon for a single item produced in a capacity-limited facility is the topic of this paper. Speci cally, we assume that the demand for the single product is independent and identically distributed from period to period. At the beginning of each time period the demand for that period is observed. Thereafter a production quantity i s c hosen, and production takes place. The capacity of the production facility is assumed to be c units per period. If the demand in the period exceeds c plus the amount o f i n ventory onhand at the beginning of the period, un lled orders will be backordered otherwise, all demand is satis ed. For the problem to make practical sense the expected period demand must be less than c.
This problem can be viewed as the multi-period, re-useable-inventory version of the classical News Vendor Problem. Federgruen and Zipken FZ86a, FZ86b] have shown that there exists an optimal target inventory level at the end of each p e r i o d which p r o vides a balance between end of period holding and backorder costs. These policies are called periodic-review base-stock i n ventory policies, and the target inventory level is called the base stock i n ventory level. Obviously, i f t h e r e i s a p o s i t i v e probability that the demand in a period exceeds c, then it will not be possible to reach the base stock i n ventory level in all periods. The di erence between the period ending base stock i n ventory level and the actual inventory level is called the shortfall. The problem is to nd the optimal base stock i n ventory level, which requires nding the probability distribution of the period ending shortfall.
Manufacturing companies are currently under intense pressure to simultaneously reduce inventories, utilize capacity a n d p r o vide high customer service levels. This problem is arguably the simplest periodic review inventory problem which addresses the manner in which i n ventories, service and capacity i n teract. It is very surprising that the problem has not received more attention in the published literature. Only recently have a few papers been written that address it.
Several such papers have been written separately and jointly by Glasserman and Tayur G93, GT94, GL94]. Others are referenced and summarized in these papers. Glasserman and Tayur developed very simple approximations and bounds for this capacitated production problem in their papers. Their analysis depends critically on the assumptions that the production facility's utilization rate is very high and that the service level is also high. Their results are obtained by h ypothesizing that the distribution of the shortfall can be approximated by a mass exponential probability distribution. Glasserman and Tayur proved that asymptotically, as the shortfall becomes large, the distribution of the shortfall approaches that of a mass exponential random variable. They use the mass exponential distribution as an approximation for the actual distribution of the shortfall over its entire range. They obtain estimates and bounds for the parameters of the mass exponential distribution for several di erent demand distributions.
We h a ve four main goals in this paper. First, we will show that the distribution of shortfall is mass-exponential when the stationary demand distribution has an exponential tail and we will show h o w to establish the parameter values for this distribution. This generalizes Proposition 1 of G93], which applies to the exponential distribution. We w i l l a l s o s h o w that mixed exponential demand distributions lead to mass-mixed exponential shortfall distributions. (Mass mixed-exponential distributions are of the form D = X i with probability p i 0 i 2, X 0 = 0 , a n d X i is exponential with mean i if i > 0.) Second, we will establish a new method for estimating the probability that the shortfall is zero at the end of a period, one of the two k ey parameters in Glasserman and Tayur's mass-exponential approximation.
Third, we will describe an extensive s i m ulation study which w as used to evaluate the e ectiveness of Glasserman and Tayur's mass exponential approximation. This experiment allows us to establish conditions under which the approximation works well and conditions under which it is less e ective.
Fourth, based on the results of the experiment, we will develop and test an alternative method for estimating the shortfall distribution. Our tests indicate that the new method consistently provides much better approximations to the shortfall distribution, and the improvement is often dramatic. Speci cally, when the coecient o f v ariation of the demand process is less than or equal to about 2 our new approximation matches simulation results very closely. When the coe cient o f v ariation is large{3 or greater{our new approximation is better than the mass exponential approximation, but both are unsatisfactory.
General Analysis
We begin our analysis by developing the probability distribution of the random variable, V , which measures the shortfall from our base stock i n ventory level at the end of a period. Let R denote the base stock i n ventory level. If x is the actual inventory level at the end of a period, V = R ; x.
We de ne D to be a random variable describing the demand in a time period. As stated, we assume the demand from period-to-period is independent a n d i d e n tically distributed over the in nite horizon. Also, a subscript t on the random variables V and D denotes the period to which they refer. Thus, for example, V t is the shortfall at the end of period t.
In time period t the following sequence of events takes place. First, the initial net inventory R ; V t;1 and the current demand D t are observed. Then we produce (1) This is the key equation that describes the dynamics of the shortfall random variable. Note that it is independent of the base stock i n ventory level R. This equation implies that the number of units short at the end of period t is greater than zero if and only if the sum of the shortfall existing at the end of period t ; 1 and the demand in period t is greater than the production capacity a vailable in period t. Since the random variable V t is non-negative, we use the positive p a r t o f V t;1 + D t ; c in this expression. The production quantity c^(V t;1 + D t ) brings V t as close to zero as possible.
Let v 0. Then, conditioning on whether or not V t > v + c, w e see that
where 1(S) = 1 i f S is true, and 1(S) = 0 otherwise. For the speci c demand distributions that we will consider, D t has a probability mass of q at zero, and has density f D (x) elsewhere that is,P (D t = 0 ) = q and q + R 1 0 f D (x)dx = 1 . Let F X ( ) a n d F X ( ) denote the cumulative distribution function and the complementary distribution function of any random variable X. Then equation (2) can be written as
Often, q = 0 .
The hypothesis that Glasserman and Tayur made and that we m a k e initially is that the stationary distribution of the shortfall random variable V is approximately
where and p 0 are parameters that depend on the capacity and the probability distribution of the demand. As mentioned, Glasserman G93] showed that this approximation is asymptotically exact as v ! 1 . Note that p 0 = P fV = 0 g:
The following theorem was also proven by Glasserman G93]. 
Note that (0) = 1, 0 (0) = E(D ; c) < 0 since E(D) < c , a n d ( ) i s c o n vex.
Thus is unique, and = 0 is always a spurious solution to (8). If (5) fails, then the tail of V is thicker than (4) indicates. We assume (5) throughout. If (6) fails, then the demand never exceeds the capacity, a n d P (V = 0 ) = 1 .
Next, we propose a new method to obtain an estimate of p 0 = P fV = 0 g. W e
de ne the partial transpose of D to be
Substituting (4) into (2) We h a ve n o w s h o wn how t h e v alues of and p 0 can be established in general. The asymptotic methods Glasserman and Tayur used to estimate p 0 are distributionspeci c. They obtain estimates of p for normal, exponential, erlang, and hyperexponential distributions. Our approach to estimating p 0 is more broadly applicable. In the Appendix we s h o w h o w the partial transform T D (x s) c a n b e e v aluated and the values of and p 0 can be found for a number of speci c distributions commonly used to describe demand processes. In the following section we s h o w that the approximation in (4) is exact when D h a s a n e x p o n e n tial tail. 3 The Distribution of Shortfall when the Demand has an Exponential Tail
We s a y that D h a s a n e x p o n e n tial tail if there exist parameters q and such that
This condition depends on the capacity. A s m e n tioned, we assume that c > E (D), so it su ces to establish (12) for all x > E (D):
Lemma 1 If D has an exponential tail, then V has the distribution described b y ( 4 ) , where and p 0 are given by (10) and (11).
Proof. By Theorem 1 and the derivation of (11), if the distribution of V has the algebraic form of (4), then the parameters p 0 must be correct. Therefore, it su ces to show t h a t i f V > 0, then V is memoryless. Let x > 0 b e g i v en, and let
We will show that the conditional distribution of W given that W > 0, is not dependent o n x. L e t Z t = 1 i f V t;1 +D t > x +c, a n d Z t = 0, otherwise. Note that by ( 1 ) , W t > 0 if and only if Z t = 1 .
In time period t we assume that the following sequence of events takes place. Epoch t is de ned to be the point i n t i m e b e t ween Event 1 a n d E v ent 2 in period t. The stochastic process (W t;1 Z t ) is observed at epoch t, t 1 but, the value of D t is not observed until epoch t + 1 . W e claim that (W t;1 Z t ) i s a r e n e w al process which renews whenever (W t;1 Z t ) = ( 0 1): The fact that (W t;1 Z t ) returns to (0 1) in an amount of time that has nite expectation follows from the fact that the time for V t to return to 0 has nite mean Feller, p. 199]. Given that (W t;1 Z t ) = ( 0 1) the distribution of W t is given by F Wt (y) = e ; y , w h i c h is independent o f x and of the past. Since V t = W t + x when W t > 0, the future is independent of the past at epoch t, and (W t;1 Z t ) is a renewal process.
The time interval between successive renewals of (W t;1 Z t ) is divided into two parts, a \busy period" during which W t;1 > 0, followed by an \idle period" during which W t;1 = 0. The Renewal Theorem implies that the conditional distribution of W given that W > 0 is equal to the distribution of W during a busy period. Suppose that a busy period starts at epoch t . Then the distribution of W t is independent of x, as is the evolution of (W t;1 Z t ) during the busy period. Thus the conditional distribution of W given that W > 0 is independent o f x, i . e . , V is memoryless. 2
Distributions of interest which satisfy (12) include the exponential distribution Glasserman 93], the translated exponential distribution, the mass exponential distribution and the Laplace distribution. 4 The Distribution of Shortfall when the Demand has a Mixed Exponential Distribution
In this section we show that when the demand D has a mixed exponential distribution, the shortfall has a mass mixed exponential distribution. D has a mixed exponential distribution if F D (x) = 1 f o r x 0 a n d 
The steady-state shortfall V has a mass mixed exponential distribution if 
The size of the probability mass at zero is 1 ; P n i=1 p i . We n o w p r e s e n t a heuristic derivation of the values of the parameters of F V (x). Dropping the time subscripts from (2), F V (v) m ust satisfy
(17) Substituting (13) and (15) Given In our preceding analysis we showed in general how to compute the parameters for the distribution of the shortfall random variable V when it is assumed to have a mass exponential distribution. We also proved in section 3 that this distribution is exact when the demand distribution has an exponential tail.
Earlier we mentioned that Federgruen and Zipken FZ86a, FZ86b] established that an order-up-to or base stock level policy is an optimal policy for the cost-minimization version of the problem we are studying. We w i l l n o w s h o w h o w the optimal base stock level R can be computed, and how R is computed when there a service level constraint is present. Speci cally we will show h o w t o n d t h e v alue of R when there is either a constraint (1) on the probability of not completely satisfying demand during a period, or (2) on achieving a desired ll rate. We call these type 1 and type 2 service measures, respectively.
For cost minimization, let h and p be the holding and backorder costs respectively, in dollars per item per time period. Following the classical \newsvendor problem" analysis, the expected cost per time period for a given value of R is E h(R ; V )
where h is the holding cost and b is the backorder cost. The optimal target inventory level is the value of R that yields the smallest expected cost per time period. If R > 0, the optimal base stock i n ventory level R is given by Type 1 service measures the probability that the shortfall V is less than or equal to R. If this target probability i s , and (4) 6 Quality of the Mass-Exponential Approximation
We brie y present some computational results which indicate the strengths and the weaknesses of the mass-exponential approximation (4) . A more comprehensive e xperimental study is found in section 7. Suppose that we replace the demand D with a + bD and the capacity c with a + bc. Suppose that b is positive, and that P (a + bD < 0) is either zero or negligibly small. This transformation leads to an equivalent i n ventory system. Speci cally, i f V is the shortfall in the original system, the shortfall in the transformed system is bV . This fact reduces the number of demand distributions that we need to consider. For example, for systems where the demand distribution is normal or uniform, it su ces to consider a single mean and variance for the demand.
Note that the transformation described above c hanges the utilization of the machine from E D]=c to (a+bE D])=(a+bc). For this reason, describing the performance of an approximation in terms of the utilization can be deceptive. We de ne the slack ratio by
where is the standard deviation of the demand distribution. Note that the slack ratio is invariant under the transformation described above. In the context of this paper we nd the slack ratio to be a much better measure of how m uch capacity i s available.
The rst analysis performed was to evaluate how e ective Glasserman and Tayur's approximation and our approximation were in matching the actual probability o f n o shortfall in a time period. As we stated earlier, the Glasserman and Tayur estimate is asymptotically accurate, and should work well when utilization rates are very high. We w ere interested in seeing how w ell it performed at lower utilization rates.
The results displayed in Figure 1 re ect what we o b s e r v ed. In this case demand was normally distributed with a mean of 2 units and a standard deviation of 1 unit. The slack ratio varied from .555 to .005. As the graph in Figure 1 clearly shows, the estimate of the probability of zero shortfall in a time period provided by (11) is close to the results obtained by s i m ulation, whereas the Glasserman and Tayur estimate becomes less accurate as the capacity increases. For example, when the utilization rate is 2 2:5 = :8, the Glasserman and Tayur estimate of the probability of positive shortfall is 0.56 and the simulated probability i s 0 . 4 7 . Our approximation had a maximum error of 2.2% in the probability of positive shortfall. This experiment w as restricted to the case where demand was normally distributed because that is the only case for which Glasserman and Tayur provided a point estimate of this probability. For several other distributions they provide upper and lower bounds.
Next we compared how our approximation of F V ( ) m a t c hed the empirical distri-bution. Figure 2 presents the graphs of the empirical and hypothesized cumulative distribution functions of the shortfall, F V ( ) a n d F 0 V ( ), respectively, when the slack ratio is approximately 0.012. In Figure 3 the slack ratio is 0.429. The approximation F 0 V ( ), also shown in the gure, will be introduced in the next section. The approximation in Figure 2 is excellent however Figure 3 indicates the presence of an error. For example, our approximation indicated that a stock l e v el of R = :42 would yield a .98 probability of no shortfall in a time period (F V (R) = :98). However, the actual probability o f n o s h o r t f a l l w ould be about .968. While this may seem to be a small di erence, the safety stock required to achieve the higher target would be 50% higher than that estimated by the approximation (0.63 versus 0.42). For modern manufacturing and distribution systems, which are under intense pressure to reduce costs and simultaneously provide very high levels of service, it is important for approximation methods to be accurate so that the correct inventory and production policies can be established and implemented.
Our third system has a uniform demand distribution with a mean of 3 units and a standard deviation of 1 unit. The slack ratio is 0.25. See Figure 4 . Clearly the shape of the actual shortfall distribution function is not well approximated by a mass exponential distribution function. The at section of the curve is reminiscent of the shape of the cumulative distribution function of the demand, in this case, uniform.
Thus, in general, the hypothesis that F V ( ) i s w ell approximated by a mass exponential distribution cannot be accepted. We h a ve proven that F V ( ) is exactly mass exponentially distributed when the demand distribution has an exponential tail. In section 7 we will see that when the utilization rate is su ciently high, the coecient o f v ariation is less than or equal to 3=2, and the period demand distribution is either normal or gamma, then F V ( ) i s w ell approximated by a mass exponential distribution.
7 An Improved Approximation for the Distribution of the Shortfall
The simulation results discussed in the previous section clearly show that in general the mass exponential distribution does not always provide a useful approximation for the distribution of shortfall at the end of a period. Our third goal is to present a n improved approximation for this distribution.
Recall from (2) that in general
Clearly this functional equation is not easily solved in the general case. We w i l l now use (23) as the basis for developing another approximation for F V ( ). We w i l l The parameter p 1 will be de ned later. Our new approximation is
If D has a density function, For the simple approximation F 0 V (v) o f F V (v), we g a ve explicit formulas for the base stock levels R which minimize costs and achieve target service levels. The derivations of these formulas were all based on the fact that F 0 V (v) c a n b e i n verted algebraically. This is not the case with F 1 V (v). The Type 1 and Type 2 service measures and the derivative of the cost function are easy to evaluate, but the base stock level R must be computed numerically.
As in the newsvendor problem, the cost of using a given base stock l e v el R can be expressed in terms of the partial expectation n V (v) E (V ; 
Computational Results
In this section we describe the results of an extensive computational test of the e ectiveness of our approximations. Our computational study was done in two phases. In the rst phase we studied the normal distribution, the uniform distribution, several distributions from the gamma family, and several distributions from the truncated exponential family. The truncated exponential distributions are given by
where h > 0. The truncated exponential was included because its density h a s a v ery di erent shape from that of the other distributions we tested.
Recall from (22) that replacing the demand distribution D with a + bD, and the capacity c with a + bc leads to an equivalent system. Therefore it su ces to consider a single mean and variance for the normal and uniform distributions, and a single variance for the gamma distribution. Table 1 below describes the demand distributions we tested. 0.010 h=10.00 The capacity levels c that we tested appear in Table 2 . For each of the demand distributions listed in Table 1 mean + (1-mean)*(0.8, 0.6, 0.4, 0.2, 0.1) We are concerned with three di erent management objectives, Type 1 service (the probability that we will ll all demands in a given time period), Type 2 service (the ll rate), and cost minimization. Because demand is observed at the beginning of a time period and lled at the end of the time period, a base stock i n ventory level of R = 0 gives a positive T ype 1 service level S 1 , and a positive T ype 2 service level S 2 . T able 3 lists the ranges of parameter settings that were used for the three management objectives. The backorder cost and the holding cost are both measured in dollars per unit per time period, and the holding cost is always equal to 1. To make the tests comprehensive, the parameter range includes parameter settings that we believe are unlikely to occur in practice. As an aid in interpreting the results, we have de ned the Restricted Parameter Range, a smaller range of parameters in which we believe most practical applications lie. See Table 3 .
For each of the demand distributions listed in Table 1 and each of the capacity levels in Table 2 , two simulations were performed using two di erent random number seeds. The number of time periods in each of these simulations ranged between 200,000 and 2,000,000, as needed, depending on the problem instance. For each o f these simulations we w e consider the Type 1 service at each of the service levels listed in Table 3 , the Type 2 service at each of the service levels listed in Table 3 , and cost minimization for each o f t h e b a c korder costs listed in Table 3 . We used the empirical distribution of the shortfall from the rst simulation to determine the optimal R, the best base stock i n ventory level for whatever management o b j e c t i v e i s under consideration at the time. The empirical shortfall distribution from the second simulation was used to compare the performance of the optimal R to the performance of R 0 and R 1 , the base stock i n ventory levels that are computed using F 0 V ( ) a n d F 1 V ( ), respectively.
The results of this experiment are summarized in Tables 4 and 5 . The results for the exponential demand distribution (gamma mean 1) were omitted because both F 0 V ( ) a n d F 1 V ( ) are exact. The largest error for the exponential distribution was 0.1%. The simple approximation, F 0 V ( ), works very well for the gamma distribution with mean 2 and variance 1 (the erlang distribution with shape parameter 4). Of all the distributions listed in Table 4 , this one is the closest to having an exponential tail. F 0 V ( ) w orks quite well for the normal distribution within the restricted range of parameters, but it can cause serious errors outside of that range, especially for cost minimization. For the other distributions F 0 V ( ) is inconsistent. V ( ) uniformly works very well when the coe cient o f v ariation of the demand distribution is greater than one, and its performance is very robust. The coe cient o f v ariation of the demand distribution is greater than one for the gamma distributions with means of 0.5 and 0.25. For these distributions neither F 0 V ( ) nor In a manufacturing system, the random demand D is the total demand for all products that consume capacity. Most real-world multi-item production/inventory systems have n umerous individual products whose demand distributions have c o e fcients of variation greater than one. However total demand for all products that consume capacity is usually less than one. Thus F 1 V ( ) is uniformly very e ective i n the cases that occur more frequently practice. Tables 6 and 7 . In this experiment the errors caused by the approximations are classi ed in two categories -substantial and serious. As is explained in the legend of the tables, if we ask for a service level of 78% and get a service level of 77% that is not considered to be a substantial error. However if we ask for a service level of 98.5% and get a service level of 99.5%, that is considered to be a serious error, because the amount o f s a f e t y s t o c k being recommended is probably about three times greater than necessary (the service level is large enough that the asymptotic results of Glasserman and Tayur kick in, and the distribution of the shortfall is approximately mass exponential).
A quick glance at these tables and some simple mean-variance computations indicate whether or not F 0 V ( ) i s l i k ely to work well for a given problem. As we w ould expect based on our previous experiments, F 0 V ( ) can cause serious errors, F 0 V ( ) has more trouble with uniformly distributed demand than with normally distributed demand, and F 0 V ( ) w orks better for cost minimization than for service levels because the objective function is quite at in the region of the optimal solution. As the asymptotic results of Glasserman and Tayur would lead us to expect, F 0 V ( ) w orks best when capacity i s v ery tight relative to the standard deviation of the demand distribution, and when the service levels are high. F 1 V ( ) w as also tested, and it had no substantial or serious errors.
Conclusion
The inventory system that we are studying is, for the most part, easily understood and managed if we know the distribution of the shortfall V . Glasserman and Tayur used the asymptotical behavior of the distribution function of V as a basis for an approximation Our computational results indicate that F 1 V ( ) w orks extremely well as long as the coe cient o f v ariation of the demand is less than two. For practical applications this is by far the most interesting case. No known approximations work well consistently when the coe cient o f v ariation of the demand is greater than two.
We could, of course, iterate the equation that we used to derive F 1 V ( ) one more time. Thereby w e could get a better approximation F 2 V ( ) o f F V ( ). This approximation is much more complex than F 1 V ( ). Computationally it would probably be as hard as working with a simulation.
We h a ve shown that F 0 V ( ) = F V ( ) if the demand distribution has an exponential tail. We h a ve shown that if the demand has a mixed exponential distribution with n = 2, the shortfall has a mixed exponential distribution with a probability mass at zero. We conjecture that this is true for all n, a n d s h o w h o w to compute the parameters for these distributions. n: NA even with R=0, the service level is higher.
n: NA even with R=0, the service level is higher. n: NA even with R=0, the service level is higher.
26
n: NA even with R=0, the service level is higher. 
